
AIAA JOURNAL
Vol. 34, No. 6, June 1996

Stability of Gyroelastic Beams

K. Yamanaka,* G. R. Heppler,1" and K. Huseyin*
University of Waterloo, Waterloo, Ontario N2L3G1, Canada

An idealized mathematical model of a linear elastic Bernoulli-Euler beam, in which each element of the beam
has an infinitesimal quantity of stored angular momentum, is presented. This continuous distribution of angular
momentum is termed gyricity. The governing equations of motion are derived when the system is subject to
conservative external loads. It is shown that these systems can display both static instabilities (divergence) and
dynamic instabilities (flutter), that the structure of the stability regions depends on the distribution of stiffness,
and that gyric stabilization is sometimes possible.

I. Introduction

G YROSCOPIC systems have been studied widely,1"7 often
with particular reference to spacecraft.8"10 Gyroscopic ele-

ments, such as control-moment gyros or momentum wheels, have
been used to control satellites by either regulating the direction (or
the angular rate of change of the direction) of the angular momen-
tum vector or by regulating the magnitude of the angular momentum.
Control-moment gyros use the first angular rate-of-change method,
and momentum wheels use the magnitude adjustment method.

Control strategies that involve a large number of momentum
wheels and/or control-moment gyros have been proposed for use
in large flexible spacecraft for the purposes of attitude control and
shape control. The presence of a very large number of discrete ro-
tors presents a significant analytical challenge. In cases where there
are relatively few rotors, they have been treated as individual ele-
ments in the analysis, but this manner of treatment soon leads to
an unwieldy system of equations when a large number of rotors are
to be considered. D'Eleuterio and Hughes11"15 have put forward a
very convenient and useful means of modeling elastic structures that
have a large number of small spinning rotors by way of the concept
of a gyroelastic continuum.

A gyroelastic continuum is a concept that imagines a body that has
a continuous distribution of mass, stiffness, and angular momentum.
The angular momentum distribution is assumed to be independent
of the motion of the body, and it is further assumed that it can be
separately specified without dependence on the mass distribution
or the stiffness distribution. D'Eleuterio and Hughes11 have termed
the distributed angular momentum as stored angular momentum, or
gyricity, and the latter term is used here.

The dynamics of continuous elastic gyroscopic systems have been
studied by D'Eleuterio and Hughes11"15 for the case where the
gyricity distribution is constant in time, in terms of both magnitude
and direction. The vibration frequencies and mode shapes were stud-
ied and a number of orthogonality conditions for the modes were
obtained. Discrete gyroscopic systems also have been studied along
the same lines.1"4

Damaren and D'Eleuterio16"18 extended the original work of
D'Eleuterio and Hughes to look at lightly damped gyric systems
and also at control issues associated with gyricity distributions.
Damaren and D'Eleuterio18 considered the case of a gyricity distri-
bution that had the characteristics of control-moment gyros where
the direction of the distributed gyricity vector could vary, but not the
magnitude.

The stability characteristics of these gyroelastic systems have not
been examined and it is the purpose of this paper to present some

Received July 20, 1994; revision received Oct. 31, 1995; accepted for
publication Dec. 21, 1995. Copyright © 1996 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

* Research Associate, Systems Design Engineering.
* Associate Professor, Systems Design Engineering. Senior Member

AIAA.
* Professor, Systems Design Engineering.

results in that regard. We present a brief derivation of the governing
equations, including the contribution of external conservative ap-
plied forces, for a gyroelastic beam in which the magnitude and the
orientation of the gyricity distribution are fixed. Previous papers on
gyroelastic systems11"18 have assumed that the gyricity distribution
goes to zero at the surface of the body. Here, we admit the possibility
that the gyricity distribution has a nonzero value at the surface of the
body and present, in addition to the governing equations, the bound-
ary conditions for that case. This is followed by an examination of
the stability properties of the system, and we demonstrate that both
static and dynamic instabilities are possible as the parameters are
varied.

II. Continuum with Gyricity
In this section, we outline the development of the governing equa-

tions for a linear elastic body that has an intrinsic distribution of
angular momentum. This development is, to a large extent, a brief
review of the work reported by D'Eleuterio12 but includes a gen-
eralization of the boundary conditions. A continuous flexible body
with a continuous distribution of angular momentum h, which is as-
sumed to be included in the body, is termed a gyroelastic body, and
the distributed angular momentum is termed gyricity.12 The gyric-
ity distribution can be expressed as h(x, j, z). The possibility that h
may be a function of time is explicitly excluded from consideration
here. To formulate the equations of motion for a continuum with
gyricity, Hamilton's principle can be employed.

The kinetic energy dr of an infinitesimal element of mass p d V,
including gyricity, is given by

(1)

where v represents the velocity components related to the transla-
tional motion, rh is the position of the element with respect to the
origin of the body fixed frame, uh is the absolute angular veloc-
ity, p is the volume mass density of the body, and any matrix 0X

is the cross-product matrix defined according to the convention in-
troduced by Hughes.9 The superscript x is an indication that, for
example, ax is a skew symmetric matrix of the form

0 -a3 a2

#3 0 — a\
—02 «1 0

(2)

which is based on the vector components a = [a\, #2, «s]r- This
notation is consistent with the notation used by D'Eleuterio and
Hughes16"18 and by Damaren and D'Eleuterio11"15 in their original
work in this area. The angular velocity uh can be divided into two
parts: u;& is the elastic rotation of the element, and u>.v is the implicit
angular velocity of the gyricity. Therefore, the angular velocity a;/,
can be expressed as

(3)
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Substitution of Eq. (3) into Eq. (1) and integration over the volume
V of the body yields the total kinetic energy T of the system, which
can be expressed as

= i [v.vpdV + f v.(uxrh}pdV
^ Jv Jv

1 f (u*rk) •
^ Jv

(4)

Associated with the velocity field v is the displacement field u (i.e.,
u = v). The elastic deflections give rise to elastic strains and rota-
tions. The rotational displacement is

ft = 5V*M (5)
where V is the gradient operator and V X M is the curl of u. The
angular velocity ub referred to the mass distribution, to first order,
can be expressed as12

• — "z V V (6)

The second term in Eq. (4), which will yield terms involving the
first moment of the mass, becomes zero for a suitable choice of
coordinate axes. Then, without loss of generality, the total kinetic
energy can be summarized by

-[v • M-[v

• [v

s - Is • -u>s - Is •

(7)

where we have introduced H = Is • u>.y which is interpreted as the
angular momentum resulting from the gyricity, and Ts = ^ct)s-Is-o)s,
which is the kinetic energy resulting solely from the gyricity; M is
the inertia operator of the system.

The first term of Eq. (7) results from the motion of the distributed
mass, and the latter two terms result from the gyricity distribution.
Therefore, the total kinetic energy T of the system is composed
of two parts. The first part of the kinetic energy results from the
distributed mass, which can be expressed as

- /V
~ Jv 2

MwdV (8)

where w denotes the velocity distribution and w denotes the dis-
placement distribution, which includes both translational and angu-
lar displacements. The displacement components of the system can
be given by

[ M ( * , ; y , z , 0 ~
v(jc ,3?,z ,0
w(x, y ,z ,0-

(9)

The second part of the kinetic energy results from the gyricity dis-
tribution. We note that, to second order, the angular velocity ub
resulting from the gyricity can be expressed as12

' f f 1 X \ • /I f\\Ub = (I — ±0t JOL (10)

where a is the elastic rotational displacement resulting from the
displacement w and is expressed by the relation

a = i V x w (11)

The contribution to the kinetic energy of an infinitesimal element
resulting from the gyricity is

(12)

where h and T/ are the densities associated with the intrinsic angular
momentum H and the kinetic energy Ts in Eq. (7). Then, the kinetic
energy T2, resulting from the gyricity becomes

T2 = f (hTOL - -hTOLxa\ dV + f T{ dV

(13)

The total potential energy V. also consists of two parts. The first
part is composed of the strain energy V\ of the system resulting from
deformation of the elastic body, and the second part is composed
of the work potential V2(V2 = —work) resulting from an external
load P. Here, for simplicity, we consider only conservative external
loads. The strain energy V\ of the system can be expressed as

ETDedV (14)

where e is the vector of strains and D is the constitutive matrix for
the system. The specific form that both e andD take depends on the
type of structural element that is being modeled, be it rod, beam,
plate, or shell.

Because we are considering conservative forces only, it is con-
venient to adopt a convention that allows us to identify the specific
force components in a manner similar to that for the stress compo-
nents. Then, for a force P// acting on the face, which has the ith axis
outward normal and which is directed in the jth direction, the force
components acting on the body can be expressed in a matrix form
such as

[ Pxx PXY PXZ'
PYX PYY PYZ
PZX PZY PZZ .

(15)

where the constant matrix Q is called an external-load matrix. Now,
let us consider the potential energy resulting from the external load.
The potential energy dV2 = —dW2 in an infinitesimal element dV (=
dx dy dz) resulting from displacement w can be expressed as19

= -VTQwdV (16)

Therefore, the potential V2 resulting from the external load is ob-
tained by integrating Eq. (16) over the volume of the material. Then,
combining the kinetic and potential energies, the Lagrangian £ of
the system is

(17)

III. Beam with Gyricity
Let us consider, as the specific structural element of interest,

a beam with a gyricity distribution. When we consider a one-
dimensional distribution of the gyricity, say, in the z direction, which
corresponds to the direction of the neutral axis of the beam^the gyric;
ity distribution function h can be expressed as h — h(z)k, where k
is the unit vector in the z direction. To formulate the equations of
motion of the system, let us consider the illustration in Fig. 1. Let
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Fig. 1 Beam.

the OXYZ axes be an inertial frame and the Gxyz axes be a body
fixed frame in which the point G is assumed to be on the neutral axis
of the beam. One end of the beam is fixed at the origin of the inertial
frame and the other end of the beam is free. The flexural stiffnesses
of the beam are expressed by EIYY and EIXX in X and Y directions,
respectively. The length of the beam is L, the cross-sectional area
is A, and the volume mass density of the beam material is p. An
external force acting at the tip of the beam, P, is assumed to remain
parallel to the Z axis of the inertial frame. The displacements of the
neutral axis of the beam in the X and Y directions, respectively, are
u(z) and t>(z). The axial displacement w(z) of the beam is assumed
to be negligible.

In terms of these parameters, the kinetic energy T\ resulting from
translational motion of the beam is expressed by

(L
I

Jo
= / =PA[(«)

Jo *
(18)

The kinetic energy resulting from the gyricity distribution is given
in Eq. (13). For the case at hand, and under the stated assumptions,

(19)

By use of the above forms of w and h, the kinetic energy T2 is found
to be

M(Z, t)
v(z, t)

f 8u dv\
\ dz dz ) _

and h =
0
0

h( \L (*)J

T2= I -h(z)(v'u' -u'i)')dV (20)

where ()' indicates differentiation with respect to z and () corre-
sponds to differentiation with respect to time t. After integrating over
dA = djc dy and setting h(z) A = h(z), the gyroscopic contribution
to the kinetic energy becomes

By applying Hamilton's principle to the above Lagrangian, the fol-
lowing relations can be obtained:

f t ft2 fL
8 £dt= I pA[ii8(u)

Jti Jti Jo

+ P[u'8(u') + v'8(v')] - EIxxv"8(v")]

+-h(z)[v'8(uf) - u'8(i)') + ii'8(v') - v'8(
(24)

By integrating by parts with respect to time only, the following
variational equation can be obtained:

F(z)dzdt = ( (25)

where

U L ]_ ,'2

pA[u8(u) + v8(v)] + -h(z)[v'8(uf) + u'8(v')] dz \
2 >ti

(26)

and
= -PA[u8(u) P[u'8(u') + v'8(v')]

- [EIYYu"8(u") + EIxxv"8(v")]
.

Integrating F(z) by parts leads to

Gu(z)8(u)dz

- v'8(u')]
(27)

Jo o
where Fz are the boundary terms given by

T, = [(Puf - h(zW + EIYYu"f)8(u)]% -

+ [(Pi/

Gv(z)8(v)dz (28)

(29)
and Gu(z) = 0 and Gv(z) — 0 are the Euler-Lagrange equations
for the system. These are

pAu + EIYYu"" + Pu" - —[h(z)i)f] = 0 (30)
dz

and

r2= / -h(z)(vru' -u'i)')dz- (21)

The total potential energy resulting from the bending of the beam
and the work of the conservative external load can be expressed as

V = [EIYr(u"f + EIxx(v"f] dz
<* Jo

(22)

Here, for simplicity, both transverse shear and rotatory inertia of
the beam are ignored. Then, the Lagrangian of the system can be
written as

= f ipA[(M
Jo *

-h(z)(v'u' -ufi)' (23)

pAv + EIxxv"" + Pv" + —
dz = 0 (31)

The general solution can be obtained by taking the sum of the
characteristic modes. However, it is apparent that the frequency
equation and the mode shapes will be exceedingly complicated and
hence very difficult to work with. Therefore, instead of obtaining
the general solution, we seek an alternative approximate solution.

The trial functions for u(z, t) and v(zt t) were chosen to be of the
form

(32)

and

(33)

where A, and fi, are the undetermined parameters and j = «J(—l).
By substituting Eqs. (32) and (33) into Eq. (23) and taking the

integral over space and time, and because the variations 8(-) can
now be considered with respect to the undetermined parameters,
the following relation is obtained:
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N N

-u,

rL
-pA 1 (/>m(t>n dz

J o
(L

-pA/ 1fm^ndz
J 0 J

f
J 0

• P f +'.*&-Elxxf . 1J o Jo

To proceed with the method of Ritz, the shape functions c/>m and
i/On must be specified. The general mode shapes for a cantilever beam
were chosen to be the basis functions that form the trial function.
Hence, a basis function has the general form20

; cn) = [sin(cnz) - sinh(cnz)]

sin(cnL) + sinh(CnL)
cos(cnL) + cosh(c^L)

where the frequency parameter

[cos(cnz) - cosh(cnz)]

\ EItt

(35)

(36)

where ii — YY or XX and n refers to the nth basis function. The
frequency content of these shape functions is governed by the values
of cn. The values used in the following examples were obtained by
using the roots of the frequency equation of a cantilever beam (with
no gyricity) given by

1 -f- cos(cnL) cosh(cnL) = 0 (37)

for any positive integer values n.
In the basis functions used to approximate u(z,t), we replace

cm with am[ii = YY in Eq. (36)]. In the basis functions used to
approximate v(z, t), we replace cn with bn[ii = XX in Eq. (36)].
The basis functions for the u and v displacements then become
*m(z) = ©mfe fl«) and irn(z) = 0n(z; &„), respectively.

A. One-Function Approximation
As an initial approximation, a one-term expansion, Eqs. (32) and

(33), using the basis functions of the form of Eq. (35) was used with
AI and BI as undetermined parameters.

Then, the variational equation in the matrix form can be expressed
as

A[ [-o>2Mi + jcoGi + *i = 0 (38)

where MI, GI, and K\ can be deduced from Eq. (34) and A[ =
[Ai Bi].19 The stability properties of the system for the one-
function approximation can be deduced from the characteristic equa-
tion

= det[-^2Mi + jcoGi +Ki]=Q (39)

B. Two-Function Approximation
A more accurate approximate solution is possible by making use

of more than one basis function for each of u(z, t) and v(z,t).-By
employing the two-function approximation [N = 2 in Eqs. (32) and
(33)], a set of governing equations can be obtained in the form

jcoG2 (40)

where A£ = [Ai A2 BI B2] and M2,G2, and K2 are given in
detail by Yamanaka.19 The corresponding characteristic equation is
obtained from

A2 = det[-a)2M2 + jcoG2 + K2] = 0 (41)

It can be shown that AI and A2 contain only even powers of CD,
so that it is expedient to make the substitution £2 = co2 and, for
simplicity, in the remainder of this paper £2 is referred to as the
frequency.

C. Stability Analysis of the Beam with Gyricity
1. Example 1: One-Function Approximation for a Rectangular Beam

To illustrate the stability analysis, we consider the case of a beam
that has different bending stiffnesses in the x and y directions; this
situation is referred to as a rectangular beam. The beam properties
were chosen to correspond to a 1-m-long aluminum beam with a
rectangular cross section that measured 1 x 2 cm. The associated
parameter values are given in Table 1. The distribution of the angular
momentum h(z) is assumed to be constant, and an external conser-
vative force P is applied at the tip of the beam. The characteristic
equation for the rectangular beam is21

= 0

where
C

= ./
Jo

m2
C= I

Jo

CL

I./o
k2 = Elx

and h = ['.
Jo

(42)

(43)

(44)

(45)

(46)

For notational convenience, we have introduced § such that h =
constant = £1/2. The divergence boundaries are two distinct vertical
lines in the P-f plane, and they are given by

- Pfi = 0 and - P/2 = 0 (47)

In the event that the beam has a square cross section (i.e., equal
bending stiffness in the x and y directions) then k\ = k2 and f\ =
f2 [noting that, in that case, 0i(z) = ^ife)] an^ the divergence
boundaries coalesce into a pair of coincident vertical lines.

The flutter boundaries are determined by the two relations

= 0 and = 0 (48)

Table 1 Parameters for the examples

Values
Parameter

EIxx
Elyy
M
L
P
A

Square

57.5
57.5
0.276
1.00

2.76 x 103

l.OOxlO-4

Rectangular

115
460

0.552
1.00

2.76 x 103

2.00 x 10~4

Unit

N-m 2

N • m2

kg
m

kg/m3

m2
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which lead to

fi,2 =

±2[mim2(P/i -

- fa) + m2(Pfi - fa)]

- fa)] (49)

which is the equation of a hyperbola. The general expressions for
the center and asymptotes of the hyperbola can be found from Eq.
(49), but for our choice of trial functions these parameters have
particularly simple forms. The center is located at

£ = 0

and the asymptotes are

£ = 0 §

(50)

(51)

where, in Eqs. (50) and (51), mi = m2 = m, f\ = /2 = / and
*=(fa+fa)/2.

In the case of a square beam where k\ = £2, the flutter boundaries
degenerate from a hyperbola to a pair of straight lines given by

and
8

(52)

Note the similarity between the equations for the asymptotes of the
hyperbola and the equations that define the flutter boundary for the
square beam.

The stability boundary plot in the P-£ plane for the case corre-
sponding to the values in Table 1 is illustrated in Fig. 2, where S
and F indicate stability and instability by flutter, respectively, and D
and D D indicate instability by single and double divergence, respec-
tively. The divergence boundaries, which correspond to the Euler
buckling loads for the two principal directions, appear as the two
vertical lines given by Pdl ~ 305.9 N and P^2 ~ 1224 N. For com-
parison, the corresponding exact values for the divergence bound-
aries (Euler buckling loads) are given by Timoshenko and Gere22 as
Prf* ~ 283.8 N and P£ ~ 1135 N.

Some representative characteristic curves in the frequency £2-%
plane, for fixed values of the applied force P, are plotted in Fig. 3.
For P < Pdl (represented by P = 0 in Fig. 3), the frequencies
Q remain positive for all values of £, indicating that the system
is stable regardless of the value of £. In the case of loads on the
interval corresponding to Pdl < P < Pd2 (P = 1000 in Fig. 3), the
frequencies consist of one positive value and one negative value for
all values of £. The persistent negative root means that the system
is unstable by divergence regardless of the value of £. When P >
Pd2 (P = 2000 in Fig. 3), it can be observed that there is differing
behavior of the roots, depending on the value off. If 0 < £ < £</(i.e.,
for low values of £), the frequencies consist of two negative values,
indicating instability by double divergence. This behavior is marked
as region DD in Fig. 2. Higher values of f , those corresponding to
the range £/ < £ < £/, cause the frequencies to consist of a pair of
complex conjugates, thus indicating instability by flutter (region F

iooor

800

600

400

200

__0

-200-L

08. DB,

A
500 1000 1500 2000

Fig. 2 Stability boundaries for the rectangular beam with gyricity by
a one-function approximation.

2000

= 1000

P = 0

UtOOO)
40

P=1000

Fig. 3 Characteristic curves for the rectangular beam with gyricity by
a one-function approximation atP = 0,1000, and 2000. N.

in Fig. 2). As £ is increased through the threshold value (flutter value)
£/, the system enters into a stable region where £ > £/. For these
values of £ there are two positive roots: ̂  and £22. The stability
in this part of the parameter plane results from the effect of the
gyroscopic forces. The above observations have led to designating
region S as stable, region D as unstable by divergence, region F as
unstable by flutter, and region DD as unstable by double divergence
in Fig. 2.

2. Example 2: Two-Function Approximation for a Square Beam
In this example, by using two basis functions in the trial function,

we investigate how the inclusion of more degrees of freedom in
the Ritz approximation influences the stability behavior of a square
beam. The beam parameters are given in Table 1.

The characteristic equation A2 = 0 is of the form

A2 = Pitf + P3(P, £)ft3 + Pi(P2, P, £P, £2, £)^2

+ Pi(P3, P2, P, £P2, £P, £)£2 + P0(P\ P3, P2, P) = 0
(53)

The details of the PI are too long to be included here, but it is useful
to know that

P4 = (54)

is always positive and only depends on the indicated entries in the
mass matrix (for the square beam, note that m\\ = w33, w22 = w44,
W12 = 7^34)-

The divergence boundaries are two vertical lines in the P-£ plane,
and the values of P that correspond to these boundaries can be shown
to satisfy PQ = 0 or

(55)

.., [(/11/22 - /22)P2 - (/life + /22fal - 2/12*i2)P

+ (*11*22-*?2)]2=0

which has two pairs of repeated roots. The parameters fjj, ktj are
given by

= /33 (56)

= /34 = /43 (57)
o Jo

/22= I (0i)2dz==7 (^)2dz = /44 (58)
Jo Jo

L L

dz = k33 (59)

/n = / 0/>i)2dz == I
./O JO

12 = f2l=f 0i02 dz == /
Jo Jo

= I (0i)2dz==7
Jo Jo

fL CL
kn= EI(</>()2dz==

Jo Jo
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Fig. 4 Stability boundaries for the square beam with gyricity by a
two-function approximation.

-1000————-500 5 0 0 1 0 0 0
&U1000)

-200'

Fig. 6 Characteristic curves for the square beam with gyricity by a
two-function approximation at P = 1000 N.

Fig. 5 Characteristic curves for the square beam with gyricity by a
two-function approximation at P = 0 N.

= (L ' ' == fL ' '
Jo Jo

(60)

k22 = / El (<t>2f dz == / El (t^)2 dz = *44 (61)
Jo JQ

where (==) holds only if the beam has a square cross section.
When the numerical values from Table 1 are used, the divergence

values are Pdl 2± 142.7 N and Pd2 ~ 1446 N, where both are double
roots. The exact values22 for the divergence boundaries are given
by Pj; ~ 141.9 N for the first boundary and by P£ ~ 1277 N
for the second boundary. The divergence and flutter boundaries in
the P-£ plane are plotted in Fig. 4, where the regions of stability,
single flutter, and double flutter are indicated by S, F, and FF,
respectively.

The characteristic curves in the frequency &-£ plane for fixed
values of the applied force P are plotted in Figs. 5-7. The no-
load case (P = 0), which is representative of load values where
0 < P < Pdl , generates a characteristic curve (Fig. 5) with positive
frequencies Q for all values of £. Hence, in this load range, the
system is stable regardless of the value of £. When the applied
load values lies between the two divergence boundaries such that
Pdl < P < Pd2 (at P = 1000 in Fig. 6), it is observed that there is
a flutter critical value at £ = £/t . With reference to Fig. 7, there is a
critical point at £ = 0 so that, for low values of § where 0 < £ < £/,,
the frequencies consist of two positive values and a pair of complex
values, resulting in an instability by single flutter which corresponds
to region F in Fig. 4. The situation where £ = 0 deserves special
mention in that for this one value of £ there is a single negative
real root, a single positive real root, and a pair of complex roots,
which makes this a point where divergence and flutter instabilities
are present. As £ increases through the threshold value (flutter value)
£ = £/!, and P is held constant at P = 1000, the system enters into

-1000" -500 500 1000

Fig. 7 Characteristic curves for the square beam with gyricity by a
two-function approximation at P = 2000 N.

a stable region where all of the roots are positive. This stability
region exits because of the effect of the gyroscopic forces. The
characteristic curves in Fig. 7 are for P = 2000, which places this
value of P beyond the second divergence boundary (P > P</2). For
this load, and others in this range of loading, it can be observed that
there are flutter critical values at £ = 0, £ = £/, and £/2. At £ = 0,
there is also a critical divergence point so that for 0 < § < f^
(i.e., for low values of £),tne frequencies consist of two pairs of
complex conjugates, indicating instability by double flutter (region
FF in Fig. 4). At £ = 0, there are a pair of negative real roots and
a pair of complex roots, which means that the system possesses a
double-divergence single-flutter instability behavior for this single
value of £. Once £ is increased past the first threshold value £/t
and £ / ! < £ < £/2, the frequencies consist of two positive values
and a pair of complex conjugates, indicating instability by single
flutter (region F in Fig. 4). When £ takes on larger values where
£ > £/2, the system enters into a stable region with all-positive roots
because of the effect of the gyroscopic forces. This is region 5 in
Fig. 4.

3. Example 3: Two-Function Approximation for a Rectangular Beam
As the final example, the case of the rectangular beam using

a two-function approximation is considered. The same parameter
values as used in example 1 and given in Table 1 are used, and the
characteristic equation A2 = 0 can be expressed in the same general
form as Eq. (53) for the square beam, but with different specifics in
the Pi. In this case,

P4 = (62)

which is always positive and depends only on the indicated entries
in the mass matrix.
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In this example, the values of P that correspond to the divergence
boundaries satisfy PQ = 0, which leads to the following quartic
equation in P:

r<«,6>-

+ '/44*33 ~ 2/34*34)

(/33/44 - /3
2
4)(/iife2 + /22*n - 2/i2*i2)]P

[(/11/22 - /12
2)M44 ~ *3

2
4) + (/33/44 - /£

44&S3 ~ 2/34 ̂ 34) (/1 1*22 + /22*11 ~

- *i2)(*33/44 + £44/33 ~ 2/34*34)

(£33*44 - A&)(*ll/22 ~ *22/ll -

(£33*44 - *324) (*H*22 ~ *?2) = 0 (63)

where /-7 , */7- are as given in Eqs. (56-61) and where (==) does not
hold.

The divergence boundaries are given by four distinct vertical lines
as

Pdl ~ 285.4 N,

Pd3 ~ 2891 N and

Pd2 ~ 1142N

P^.~ 11,560N

(64)

(65)

The first two exact values for the divergence boundaries are as given
in example 1, and the next two are P^ ~ 2554 N and PJ4 ~ 10,220
N (Ref. 22). The divergence and flutter boundaries in the P-£ plane
are plotted in Fig. 8, where it is evident that this example is more
complicated than any of those previously considered.

Rather than examining the characteristic curves for this exam-
ple (these can be found in Yamanaka19), it is more interesting to
consider a horizontal ray in Fig. 9 at £ = 700 that results in the

DB1 DB2 DB3

Fig. 8 Stability boundaries for the rectangular beam with gyricity by
a two-function approximation.

20

x 1000)

Fig. 9 Frequency distance, O, along a horizontal ray r at £ = 700 for
the rectangular beam by a two-function approximation.

ooo

ft(xlOOO)
-20 120

Fig. 10 Enlarged part of Fig. 9.

curves in Figs. 9 and 10, where the ray length r is equivalent to
the external force P. In these figures, it can be observed that for
0 < r(£) < Tfai) [i.e., for values of r(£) that are below the first
divergence load value], all of the frequencies are positive, indicating
stability in region S in Fig. 8. At r(£) = r(^), there is a critical
divergence point because this value of r corresponds to the first di-
vergence boundary DB\ in Fig. 8. When the value of r places the
point of interest between the first and the second divergence bound-
ary [r (t-di) < t (£) < ?(&/2)J» ̂ e frequencies consist of one negative
value and three positive values, indicating that in this region there
is instability by single divergence (region D in Fig. 8). There is a
critical divergence point at the second divergence boundary DB2
when T(£) = r(&2) in Fig. 9. For r(^) < r(£) < r(^), all of the
frequencies consist of positive values, indicating stability in the re-
gion to the right of the second divergence boundary DB2 (Fig. 8)
that is marked with an 5. Still with reference to Figs. 9 and 10, it can
be seen that when r(%fl) < r (£) < r (£/2), the frequencies consist of
two positive values and a pair of complex conjugates, indicating
that this range of values of r lies in a region of instability by single
flutter. In Fig. 8, this is the small region that is marked F between
the second and third divergence boundaries. Further increases in the
value of T, so that r(£/2) < r(£) < r(£/-3), places us again in a
stable region in the £-P plane region where all of the frequencies
consist of positive values. This region lies immediately to the left
of the third divergence boundary DB3 in Fig. 8. Thus, for values
of £ that correspond to this ray, there are three regions of stability
that are separated by regions of instability. Further examination of
Figs. 9 and 10 show that there are no more stability regions for this
particular value of f, but reference to Fig. 8 readily illustrates that
there are other values of £ at which similar behavior is indicated.
For r(£/3) < r(£) < r(^3), the frequencies consist of two positive
values and a pair of complex conjugates, indicating instability by
single flutter in the region marked F to the left of DB3 in Fig. 8. At
t(£) = t(^3), there is another critical divergence point that corre-
sponds to the third divergence boundary DB3 in Fig. 8. When the
values of T satisfy r(£rf3) < r(£) < t(§/4), the frequencies consist
of one negative value, one positive value, and a pair of complex
conjugates, indicating instability by single divergence and single
flutter. This region, DF in Fig. 8, exists over a relatively wide range
of values of the load P. We find a small region of single divergence,
region D in Fig. 8, near the fourth divergence boundary Z)54. This
region occurs on the interval r(£/4) < r(£) < r(£/4), and here the
frequencies consist of one negative value and three positive values.
The last critical divergence point occurs at r(£) = r(^4) and is the
divergence boundary DB4 in Fig. 8. Just to the right of DB4, where
?(&4) < r(£) < r(£/5), it is found that the frequencies consist of
two negative values and two positive values, indicating that, in this
small region, there is instability by double divergence (region DD
in Fig. 8). For r(£/5) < t(£) < r(£/6), the frequencies consist of
two positive values and a pair of complex conjugates, which makes
this a region of instability by single flutter (region F in Fig. 8).
There are no further boundary curves that can be encountered when
*(f) > r (?/6)» and for these very large values of P, the frequencies
consist of two pairs of complex conjugates, indicating instability by
double flutter. This is region FF along the ray to the far right in
Fig. 8.
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Observe in Figs. 9 and 10 how one of the £2-r curves decreases
between r(£/5) and r(£/4) from a negative-frequency region to a
positive-frequency region. It is because of the decreasing values
of the curve that regions D and DD around the fourth divergence
boundary DB4 in Fig. 8 are generated.

IV. Two-Function Characteristic Curves
To better understand the stability behavior of the two-function

approximation of the beam (examples 2 and 3), let us focus on the
general expression for the characteristic curves. It can be observed
in Eq. (53) that A2 is quadratic in £, and therefore (53) can be written
as

(66)

where the coefficients At and Bj are polynomial, but not necessarily
linear, in the external force P. The parameter £ is the square of
the angular momentum of the gyricity, and the length of the cross
section of the rectangular beam in the Y direction is fixed at 1 cm,
whereas the length in the X direction is denoted by a. From Eq.
(66) it can be observed that the vertical line £2 = 0 in the £2-£ plane
is, in general, an asymptote and that the characteristic curves £i)2 in
Eq. (66) never cross each other in accordance with the observation
made by D' Eleuterio.12 The argument of the radical can be expressed
as

- C4) =

and because, in general, B4 > 0, it is apparent that

(67)

(68)

If the interval of frequencies [Q], corresponding to the values of
£2 that result in A/? < 0, span from the negative-frequency region
to the positive-frequency region, then at least one root d will be
negative real and at least one root Cj will be positive real. There-
fore, the boundary where the condition that one root of A/? = 0 is
negative and another is positive is given by

#o = 0 (69)

Let us focus on the coefficients of the characteristic equation A = 0
of the general expression as in examples 1 and 3. The general ex-
pression for the characteristic equation A = 0 for a two-function
approximation can be expressed as

A = 4- P2 (70)

Because, in general, P4 > 0, the above equation can be expressed
as

A = P4(&4 + Q3Q3 + Q2£22 + Qifl + Qo) = 0 (71)

or, alternatively, A can be expressed in factored form as

A = P4(£2 - &i)(£2 - £22)(£2 - £23)(£2 -'£24) = 0 (72)

The coefficients Q/ can be expressed in terms of the roots Q/ as

(74)

(75)

and

Qo = ai£22®3&4 (76)

Because all of the frequencies fi/ (i = 1, 2, 3,4) must be real and
positive for the system to be stable, the following necessary condi-
tions can be applied as the positive root condition:

i) Q3 < 0 =* B3 - 2A2(Ai - f) > 0

ii) Qi > 0 =» 2A2Ao + (Ai - £)2 - B2 > 0

in)

iv)

< 0 = » 5 i - 2 ( . / t i - f ) > 0

(77)

The form of the condition in the right-hand column of Eq. (77) is in
terms of the coefficients in Eq. (66). Considering condition (iv), if
the values of BQ are positive, this condition can be expressed as

+ A/SO) > o (78)

Condition (iv) also is related to the divergence boundaries, which
satisfy AQ ± V(#o) =0. In this form, Eq. (78) indicates that cases
where BQ < 0 correspond to physically unrealizable values of the
angular momentum £. Therefore, as long as the system is outside
of the unreachable region, BQ > 0 is guaranteed. The divergence
boundaries can be expressed by the following four equations:

db3 = 14460,

db2 = 143a3

db4 = 1446<z3
(79)

The boundaries, in the a-P plane, corresponding to BQ = 0 and to the
divergence boundaries db i,db2, db3, and db4, are plotted in Fig. 11,
where it can be observed that ata = l = db\ = db2 and db3 = db4,
which corresponds to the two pairs of divergence values encountered
in the square-beam example. For cases where a < I,db2 < dbi,and
db4 < db3, which occurs because, by having a < 1, the direction
that corresponds to the direction of least bending stiffness is the
same as the direction with the greatest bending stiffness for a > 1.

Referring to example 2, the conditions for positive roots are plot-
ted in Fig. 12, and stable regions are only possible in the areas
indicated by arrows. The values of the load P that correspond to
BQ = 0 can be calculated to be P^01 = P#02 ~ 794. This value ap-
pears to correspond to the vertical asymptote of the spurious flutter
boundary that lies between the first and second divergence bound-
aries in Fig. 12. Although this has been confirmed numerically, its
analytical proof remains elusive.

Referring to the characteristic equation in example 3, the condi-
tions for positive roots are plotted in Fig. 13, and stable regions are
possible only in the areas indicated by arrows. From condition (iv)
it can be deduced that stability cannot be obtained, regardless of
the values of f , between the first and second divergence boundaries
(DBi and DB2) and between the third and fourth divergence bound-
aries (DB3 and DB4). The load values that satisfy B0 = 0 can be
calculated approximately as &#01 = b#02 ~ 2541. As in the case of
the square beam, these values correspond numerically to the vertical
asymptotes of the flutter boundaries that lie between the second and
third divergence boundaries in Fig. 13.

5000

4 0 0 0 - -

3000

Fig. 11 Divergence boundaries and B = 0 for the beam with gyricity.
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Fig. 12 Positive root conditions for the square beam with gyricity and
with a = b = 1 cm.

DB D82DB3
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084
CONDITION (iv)
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ip (x lOOO)

Fig. 13 Positive root conditions for the rectangular beam with gyricity
and with a - 1 cm, b = 2 cm.

V. Conclusions
The governing equations of motion and the associated boundary

conditions for a cantilever beam with a gyricity distribution have
been derived. Application of the method of Ritz has allowed the
determination of the stability behavior of the system where it has
been shown that both divergence and flutter instabilities are possible
and that secondary regions of stability can be present in the case of
the rectangular beam.
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